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I. INTRODUCTION
In open quantum systems where time evolutions are not necessarily unitary, the following
form of a map is usually considered to give the most general dynamical map (quantum
operation):
ρ→
∑
µ
WµρW
†
µ (
∑
µ
W †µWµ = I), (1)
which is known as the Kraus representation (Kraus Rep.) [1, 2]. This is based on the
reduced dynamics with no initial correlations: A system of interest (system A) is regarded
as a subsystem interacting with an environment (system B), and the total system (composite
system of A and B) evolves unitarily. If there are no initial correlations, i.e., if the initial
density operator ρAB of the total system is factorable [3]
ρAB = ρA ⊗ ρB, (2)
one can show [4] that a dynamical map for system A takes a form of the Kraus Rep. (1).
Recently, Sˇtelmachovicˇ and Buzˇek [5] showed that a map based on the reduced dynamics
in the presence of initial correlations [6] is not described by the form of Eq. (1). In this case,
an additional inhomogeneous part δρ appears:
ρ→
∑
µ
WµρW
†
µ + δρ (
∑
µ
W †µWµ = I). (3)
This result has motivated the reconsideration of the general form of a dynamical map based
on the reduced dynamics [5, 7].
On the other hand, in the comment on Ref. [5], it has been pointed out by Salgado and
Sa´nchez-Go´mez [11] that whether the Kraus Rep. is valid or not depends, not only on initial
correlations, but also on the variety of the joint dynamics: They showed that in the case of
a local unitary evolution, the dynamical map still has a form of the Kraus Rep. even in the
presence of any initial correlation.
In this paper, we investigate the conditions to use the Kraus Rep. in the presence of
initial correlations in detail. In Sec. II we review and clarify the arguments in Refs. [5] and
[11], introducing the operator ρCOR which quantify a correlation between systems A and B.
In the main part of the paper, Sec. III, we prove that the joint dynamics which provides
the Kraus Rep. in the presence of any initial correlation is restricted to be locally unitary
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in 2×M composite system (Sec. III B) and N ×M composite system (Sec. IIIC). Sec. IV
contains some conclusions and discussions.
II. DYNAMICAL MAP IN THE PRESENCE OF INITIAL CORRELATIONS
First, we review [12] the results in Refs. [5] and [11]. In order to clarify the arguments,
we introduce the following operator:
ρCOR ≡ ρAB − ρA ⊗ ρB, (4)
where ρAB is the density operator of the total system, ρA ≡ trB ρAB and ρB ≡ trA ρAB
(reduced density operators). Notice that if there are no correlations between systems A and
B, ρCOR = 0, and vice versa. Therefore we call it the correlation operator hereafter. It has
the following property
trB ρCOR = 0. (5)
The joint dynamics is described by a unitary operator UAB(t) = exp(−iHABt) where HAB
is a total Hamiltonian, which can be decomposed into
HAB = HA ⊗ IB + IA ⊗HB + V. (6)
By making use of the initial correlation operator ρCOR(0) ≡ ρAB(0)−ρA(0)⊗ρB(0) (ρA(0) ≡
trB{ρAB(0)}, ρB(0) ≡ trA{ρAB(0)}) for the initial density operator ρAB(0), and on the basis
of the reduced dynamics, a dynamical map for system A is obtained [5]:
ρA(t) = trB{UAB(t)ρAB(0)U †AB(t)}
= trB{UAB(t)ρA(0)⊗ ρB(0)U †AB(t)}
+ trB{UAB(t)ρCOR(0)U †AB(t)}
≡
∑
µ,ν
Mµν(t)ρA(0)M
†
µν(t) + δρA(t), (7)
where Mµν(t) ≡ 〈µ|√pνUAB(t)|ν〉 (ρB(0) =
∑
ν pν |ν〉〈ν|). The first term on the rightmost-
hand side of Eq. (7) is the Kraus Rep. (
∑
µν M
†
µν(t)Mµν(t) = trB{ρB(0)}IA = IA); in
addition, an inhomogeneous part which depends on the initial correlation ρCOR(0) appears:
δρA(t) ≡ trB{UAB(t)ρCOR(0)U †AB(t)}. (8)
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Therefore the most general map based on the reduced dynamics takes the form of Eq. (3)
(Kraus Rep. + inhomogeneous part (8)).
On the other hand, in the case of a local unitary evolution, i.e., when the operator UAB(t)
is factorized as
UAB(t) = UA(t)⊗ UB(t), (9)
in terms of local unitary operators UA(t) and UB(t), the inhomogeneous part (8) vanishes at
any time t ∈ R and for any initial correlation [11]. Indeed, we can prove it as
δρA(t) = trB{UA(t)⊗ UB(t)ρCOR(0)U †A(t)⊗ U †B(t)}
= UA(t) trB{UB(t)ρCOR(0)U †B(t)}U †A(t)
= UA(t) trB{ρCOR(0)}U †A(t) = 0, (10)
where use has been made of the cyclic property of the trace and Eq. (5). Thus one obtains
the following proposition [13]:
Proposition 1 [11]
Local unitary evolution⇒ Kraus Rep., ∀t ∈ R, and ∀ρCOR(0).
Observing this result, Salgado and Sa´nchez-Go´mez [11] assert that not only the role of the
initial correlations but also that of the joint dynamics is relevant to whether a dynamical
map is given by the Kraus Rep. or not. Although they have investigated only the case of a
local unitary evolution, one can see that their perspective is in some sense correct: We can
show that for a given joint dynamics which is not necessarily locally unitary, a particular
choice of initial correlation can bring us with the Kraus Rep. Here we only illustrate this
fact by using a simple model for the controlled-NOT gate [5, 14], in which both systems A
and B are 2-level systems, described by the Hamiltonian
HAB = σ1 ⊗ 1
2
(IB − σ3) + IA ⊗ 1
2
(IB + σ3), (11)
where σi’s are Pauli spin operators (or orthogonal generators of SU(2)). Needless to say,
this does not yield a local unitary evolution, since the non-zero interaction Hamiltonian
V = −1
2
σ1 ⊗ σ3 (12)
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is included in HAB. Taking into account of the property (5), we expand the initial correlation
operator ρCOR(0) as [15]
ρCOR(0) =
3∑
i,j=1
γ′ijσi ⊗ σj (γ′ij ∈ R). (13)
It is then easy to calculate the inhomogeneous part (8) for the model (11),
δρA(t) = 2(γ
′
23 sin
2 t+ γ′33 sin t cos t)σ2 + 2(γ
′
33 sin
2 t− γ′23 sin t cos t)σ3. (14)
One sees that only γ′
23
and γ′
33
of γ′ij ’s appear here, and therefore, inhomogeneous part (14)
vanishes if γ′23 = γ
′
33 = 0 in the initial correlation operator (13), i.e.,
ρCOR(0) =
3∑
i,j=1
γ′ijσi ⊗ σj with γ′23 = γ′33 = 0. (15)
Thus, it is shown that the dynamical map for system A reduced from the total system
(controlled-NOT gate) can be described by the Kraus Rep. if a particular initial correlation
(15) is adopted. In this manner, for a given joint dynamics, it does not seem impossible to
use the Kraus Rep. even in the presence of a restricted initial correlation like Eq. (15).
Conversely, however, the existence of such a kind of initial correlation, as that with γ′
23
or γ′33 6= 0 for the case of the controlled-NOT gate, is not compatible with the Kraus Rep.,
while in the case of the local unitary evolution, no conditions on the initial correlations are
required for the Kraus Rep. to be valid, as in Proposition 1. Our purpose in this paper is to
examine whether there are other joint dynamics than the local unitary evolution, compatible
with the Kraus Rep. in the presence of any initial correlation.
III. KRAUS REPRESENTATION IN THE PRESENCE OF INITIAL CORRELA-
TIONS
A. Necessary Condition to use the Kraus Representation
We will start from the following lemma:
Lemma 1 For any initial correlation ρCOR(0),
Kraus Rep., ∀t ∈ R⇒ trB[V, ρCOR(0)] = 0. (16)
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Proof
Suppose that the Kraus Rep. is valid at any time t ∈ R in the presence of ρCOR(0), i.e.,
δρA(t) = trB{e−iHABtρCOR(0)eiHABt} = 0. (17)
By differentiating this with respect to t, we obtain
trB[HAB, ρCOR(0)] = 0, (18)
at t = 0. Since trB[HA ⊗ IB, ρCOR(0)] = [HA, trB{ρCOR(0)}] = 0 by Eq. (5) and trB[IA ⊗
HB, ρCOR(0)] = 0 from the cyclic property of trace, we have
trB[V, ρCOR(0)] = 0. (19)
Q.E.D.
In the following, we restrict ourselves to discussion of the composite system with which the
associated Hilbert space is of finite dimension, i.e., N ×M composite system with arbitrary
N,M ≥ 2. In this case, any operator can be expanded in terms of IA⊗IB, σi⊗IB’s, IA⊗τj ’s
and σi ⊗ τj ’s (i = 1, . . . , N2 − 1, j = 1, . . . ,M2 − 1), where σi’s and τk’s are the orthogonal
generators of SU(N) and SU(M) [16], respectively, and satisfy
σi = σ
†
i , trA σi = 0, trA{σiσj} = 2δij, (20a)
τk = τ
†
k , trB τk = 0, trB{τkτl} = 2δkl. (20b)
The interaction Hamiltonian V can be expanded as
V =
N2−1∑
i=1
M2−1∑
j=1
vijσi ⊗ τj (vij ∈ R), (21)
since the terms linear in IA ⊗ IB, σi ⊗ IB’s, IA ⊗ τj ’s are included in HA ⊗ IB and IA ⊗HB
in HAB.
Let us consider the following form of the initial correlation [17]
ρl,m
COR
(0) ∝ σl ⊗ τm (l = 1, . . . , N2 − 1, m = 1, . . . ,M2 − 1), (22)
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and suppose that the Kraus Rep. is still valid in the presence of this initial correlation.
Then, from Lemma 1, it follows that
trB[V, ρ
l,m
COR
(0)] = 0
⇔
N2−1∑
i=1
M2−1∑
j=1
trB[vijσi ⊗ τj , σl ⊗ τm]
=
N2−1∑
i=1
M2−1∑
j=1
vij([σi, σl] trB{τjτm}+ σlσi trB[τj , τm])
=
N2−1∑
i,n=1
4ivimgilnσn = 0, (23)
where giln is a completely antisymmetric structure constant of SU(N): [σi, σl] =
2i
∑N2−1
n=1 gilnσn. Since the σn’s are linearly independent, we obtain
N2−1∑
i=1
vimgiln = 0, (24)
for all n = 1, . . . , N2 − 1.
B. 2×M composite systems
Let us consider the case of N = 2, i.e., a 2-level system interacting with an arbitrary
M-level system. Notice that the structure constant of SU(2) is giln = ǫiln or giln = −ǫiln
[18] (ǫiln : the Levi-Chivita symbol). Multiplying Eq. (24) by ǫopn and summing n up from
1 to 3, we have
3∑
i,n=1
vimǫopnǫiln = 0⇔ δplvom = δolvpm, (25)
for any o, p = 1, 2, 3. By putting o = l, it follows that
p 6= l⇒ vpm = 0. (26)
This result shows that in the presence of the initial correlation ρl,mCOR(0) (22) the interaction
Hamiltonian V is restricted to the form
V = vlmσl ⊗ τm +
3∑
i=1
M2−1∑
j=1,j 6=m
vijσi ⊗ τj, (27)
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in order that the reduced dynamics be described by the Kraus Rep. Furthermore, if the
Kraus Rep. is to appear under suitable choices of initial correlations, the interaction Hamil-
tonian V is shown to vanish. Indeed, we can choose a set of initial correlations of the form
(22) with 2 different l’s for any m = 1, . . . ,M2 − 1 [19], e.g.,
{ ρ1,1
COR
(0), ρ2,1
COR
(0), ρ1,2
COR
(0), ρ2,2
COR
(0), · · · , ρ1,M2−1
COR
(0), ρ2,M
2−1
COR
(0) } (28)
as such initial correlations. It is evident from the statement (26) that in order to keep the
validity of the Kraus Rep. as the reduced dynamics under any one of initial correlations
(28) the interaction Hamiltonian V has to vanish. The case of V = 0 corresponds to that of
local unitary evolution, since the total Hamiltonian HAB becomes HAB = HA⊗ IB+ IA⊗HB
and UAB(t) = exp(−iHABt) = exp(−iHAt) ⊗ exp(−iHBt) = UA(t) ⊗ UB(t). Therefore, we
obtain
Proposition 2 If the dynamical map for a 2-level system reduced from any 2×M composite
system is to take the form of the Kraus Rep. in the presence of the specific initial correlations
like in Eq. (28), the joint dynamics is locally unitary.
The result is not directly generalized to the case of N ≥ 3, because the argument for N = 2
is dependent on particular property of the Levi-Chivita symbol, while various structure
constants appear for N ≥ 3. However, as will be shown in the next section, if the condition
is strengthened to cover any initial correlation, the same conclusion as in Proposition 2
follows, i.e., the converse statement of Proposition 1 is also satisfied.
C. N ×M composite systems
We prove [20] that a joint dynamics is restricted to be locally unitary if the dynamical
map for an N -level system reduced from an N ×M composite system is still to be described
by the Kraus Rep. even in the presence of any initial correlation, i.e., the converse of
Proposition 1 holds.
Proposition 3
Kraus Rep., ∀t ∈ R, and ∀ρCOR(0)⇒ local unitary evolution.
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Proof
From Lemma 1, the interaction Hamiltonian V satisfies the condition (19) for any ρCOR(0).
We will show that such a V has to vanish.
By using the singular value decomposition [21] for vij in Eq. (21), the coefficient matrix
vij is diagonalized with a suitable choice of generators σ
′
i’s and τ
′
j ’s which satisfy Eqs. (20).
In these bases V is expanded simply as
V =
L2−1∑
k=1
vkσ
′
k ⊗ τ ′k (vk ≥ 0), (29)
where L ≡ min[N,M ]. Since the condition (19) holds for any ρCOR(0), we can choose
(N2 − 1) × (M2 − 1) correlation operators ρl,mCOR(0) ∝ σ′l ⊗ τ ′m (l = 1, . . . , N2 − 1, m =
1, . . . ,M2 − 1) [17] as ρCOR(0) in Eq. (19). It follows that
trB[V, ρ
l,m
COR
(0)] ∝
L2−1∑
k=1
trB[vkσ
′
k ⊗ τ ′k, σ′l ⊗ τ ′m]
=
L2−1∑
k=1
vk([σ
′
k, σ
′
l] trB{τ ′kτ ′m}+ σ′lσ′k trB[τ ′k, τ ′m])
=
N2−1∑
n=1
4ivmg
′
mlnσ
′
n, (30)
where g′mln is the structure constant:
[σ′m, σ
′
l] = 2i
N2−1∑
n=1
g′mlnσ
′
n. (31)
From the condition (19) and linear independence of generators σ′n’s, we obtain
vmg
′
mln = 0 (32)
for all m = 1, . . . , L2 − 1 and l, n = 1, . . . , N2 − 1. Assume that vk 6= 0 for some k =
1, . . . , L2 − 1, then g′kln = 0 for any l, n = 1, . . . , N2 − 1 by the condition (32); this leads to
[σ′k, σ
′
l] = 0 for any l = 1, . . . , N
2 − 1 from Eq. (31), that is, σ′k commutes with any other
operator. Therefore, σ′k = cIA (c ∈ C). However, this contradicts the linear independence
of σ′k and IA. In consequence, we obtain vm = 0 for any m, i.e., V = 0, which means the
joint dynamics is locally unitary.
Q.E.D.
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IV. CONCLUSIONS AND DISCUSSIONS
We have investigated the role of the initial correlations in the reduced dynamics, focusing
on the validity of the Kraus Rep. It has been shown that the joint dynamics is restricted to
be locally unitary if the Kraus Rep. is valid as the reduced dynamics in the presence of any
initial correlation (Proposition 3). Combined with Proposition 1, we obtain
Theorem 1 The dynamical map for an N-level system reduced from an N ×M composite
system with an arbitrary initial correlation takes the form of the Kraus Rep. if and only if
the joint dynamics is locally unitary:
Kraus Rep., ∀t ∈ R, and ∀ρCOR(0)⇔ local unitary evolution.
In quantum information theory, local unitary evolutions are important tools for, e.g., the
quantum teleportation [14]. In that case, the Kraus Rep., although it is merely a unitary
map [13], is valid even in the presence of any initial correlation, as is shown in Ref. [11].
However, if there is an interaction between a composite system and if the initial correlation
exists, we cannot generally use the Kraus Rep. [5]. In particular, the Kraus Rep. is shown to
be compatible with the existence of any initial correlation, only when the joint dynamics is
locally unitary (Proposition 3). It is true that even through a particular choice of the initial
correlation such as in Eq. (15) allows one to use the Kraus Rep. for a joint dynamics which
is not locally unitary. Such a case, however, will require a complete controllability of initial
correlations in experiments. Therefore it would be more fruitful to accept the dynamical
map (3) as it is with the inhomogeneous part (8) and to consider its application, rather than
to persist in the form of the Kraus Rep. (or complete positivity [7]). Indeed, it has been
pointed out [5] that the existence of the inhomogeneous part often considerably changes
the dynamics, from which we expect some applications for exploring unknown quantum
operations [14].
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